6j symbols for the modular double, quantum hyperbolic 
geometry, and supersymmetric gauge theories 



J. Teschner and G. S. Vartanov 



(N 
O 
(N 



X: 



DESY Theory, Notkestr. 85, 22603 Hamburg, Germany 



(N 

O 

(N 

X) 
D 

^: 

Abstract 

We revisit the definition of the 6j symbols from the modular double of Z^g(s[(2, M)), referred 
to as b-6j symbols. Our new results are (i) the identification of particularly natural normal- 
jilJ ization conditions, and (ii) new integral representations for this object. This is used to briefly 

(— I . discuss possible applications to quantum hyperbolic geometry, and to the study of certain 

supersymmetric gauge theories. We show, in particular, that the h-6j symbol has leading 
semiclassical asymptotics given by the volume of a non-ideal tetrahedron. We furthermore 
observe a close relation with the problem to quantize natural Darboux coordinates for moduli 
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^ ■ spaces of flat connections on Riemann surfaces related to the Fenchel-Nielsen coordinates 



^ . Our new i„,egral represe„.a,io„s finally indica.e a possible i„,e,pre,a,ion of ,he symbols 

O , as partition functions of three-dimensional TV = 2 supersymmetric gauge theories. 



1. Introduction 

Analogs of the Racah-Wigner 6j- symbols coming from the study of a non-compact quantum 
group have been introduced in [1PT1[| . The quantum group in question is related to Wg(sl(2, M)) 
and is often referred to as the modular double of Wg(s[(2, M)). The 6j-symbols of this quantum 
group, which will be called b-6j symbols, play an important role for the harmonic analysis of the 
modular double IIPT2II . quantum Liouville theory UTOll and quantum Teichmiiller theory [|T03J. 
The terminology b-6j symbol is partly motivated by the fact that it is useful to parameterize the 
deformation parameter q of Wq(sl(2, M)) in terms of a parameter b as q = e'^^^^ . 

However, the precise definition of the b-6j depends on the normalization of the Clebsch- 
Gordan maps. Similar normalization issues arise in Liouville theory and in quantum Teich- 
miiller theory. In the case of Liouville theory it is related to the issue to fix normalizations 
for bases in the space of conformal blocks. In quantum Teichmiiller theory it is related to the 
precise definition of the representations in which a maximal commuting set of geodesic length 
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operators is diagonal. The normalizations chosen in the references above were somewhat adhoc. 
One of our first goals in this paper is to discuss natural ways to fix this issue. 

We will show that there exists very natural normalizations which also appear to be very nat- 
ural from the point of view of Liouville- and the quantum Teichmiiller theory. In the latter con- 
text, one of the normalizations defining our b-6j symbols will be shown to define a quantization 
of the Fenchel-Nielsen coordinates. Somewhat strikingly, we will find that the b-6j symbols 
defined in this way exactly reproduce the hyperbolic volume of a non-ideal tetrahedron with 
given dihedral angles in the classical limit b 0. This strongly suggests that Turaev-Viro type 
HTuVil state-sum models built from the b-6j symbols are related to three-dimensional quantum 
gravity with negative cosmological constant, which can be seen as an analog of earlier obser- 
vations for the cases of zero UPRII and positive cosmological constants HMTI . respectively. The 
b-6j symbols are also natural building blocks for combinatorial approaches to the quantization 
of SL(2, ]R)-Chern-Simons theory or of its complexification. 

One of our main technical results will be new integral representations for the b-6j symbols. 
One of them strongly resembles the formulae for the usual 6j symbols. The new integral rep- 
resentations will be obtained from the formula for the b-6j symbols obtained in [PT21 by a 
sequence of nontrivial integral transformations that follow from an identity satisfied by Spiri- 
donov's elliptic hypergeometric integrals [|S01[|S03l (for a review see [|S08| ) in certain limits. 
We will point out that one of these integral representations admits an interpretation as a par- 
tition function for a three-dimensional supersymmetric gauge theory. This, and the relations 
to three-dimensional Chern-Simons theories mentioned above suggest that the b-6j symbols 
could play a key role in the currently investigated program to identify correspondences between 
three-dimensional supersymmetric gauge theories and noncompact Chem-Simons theories on 
suitable three-manifolds [ITYllDiGuilDlGGll . 



2. Racah-Wigner 6j symbols for the modular double 

2.1 Self-dual representations of Wq(sl(2, R)) and the modular double 

We will be considering the Hopf-algebra Ug(sl{2, M)) which has generators E, F and K subject 
to the usual relations. This algebra has a one-parameter family of representations Va 

;\f_^ , ^ n^{K) := e-"^ , (2.1) 



sin vrfo^ ' 

dx - 



where p and x are operators acting on functions f(x) as p/(x) = (27ri) ^-^f(x) and x/(x) = 
xf{x), respectively. In the definitions (12.11) we are parameterizing q as q = e^*'^ , and write the 
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parameter a as a = Q/2 + is. There is a maximal dense subspace Va C L^(R) on which all 
polynomials formed out of E^, Fa and are well-defined [| BT2t Appendix B]. 

These representations are distinguished by a remarkable self-duality property: It is automat- 
ically a representation of the quantum group Uq{sl{2, M)), where q = e^^l^'^ if g = e'"^^ This 
representation is generated from operators Eq,, Fq and Kq, which are defined by formulae ob- 
tained from those in (12.11) by replacing h b^^. The subspace Va is simultaneously a maximal 
domain for the polynomial functions of Eq,, Fq, and Kq [|BT2[ Appendix B]. 

This phenomenon was observed independently in HPT 111 and in nF99l . It is closely related to 
the fact that Eq, Fq and Kq are positive self-adjoint generators which allows one to construct 
Eq, Fq and Kq as eT" fT\ kT" HbTII. 

It was proposed in HPT II IBTIH to construct a noncompact quantum group which has as com- 
plete set of tempered representations the self-dual representations Va- It's gradually becoming 
clear how to realize this suggestion precisely. Relevant steps in this direction were taken in 
IBTIH by defining co-product, R-operator and Haar- measure of such a quantum group. Further 
important progress in this direction was recently made in [Ip|. Following IIF99I , we will in the 
following call this noncompact quantum group the modular double of Uq{sl{2, R)). 



2.2 Normalized Clebsch-Gordan coefficients for the modular double 

The Clebsch-Gordan maps C^^ : Va2 ® Vai — ?■ Va^ were constructed in [|PT2n . The defining 
intertwining property is 

■ (VTO, ® ^oJ(A(X)) = TTa, ■ C^a, • (2.2) 

In [|PT2| it was found that the C"^ q^ can be represented as integral operators of the form 

(QU^)(X3) = / dx,dX2{:i\T2Tj,i^ix2,X,), (2.3) 

The intertwining property (12.21) will be satisfied if we take ( °| | "l) = ( "| | "| "1)1^^ '^i^h 

f "3 I 02 ^ g-7ri(Ac3-A^,-A„2)/2r) ^Jx'.-XT-i^) (2 4) 

xD Jx2 — xs — i^)D , (0:3 — a;i — i^) . 

In (12.41) we are using the notations Aq = a{Q — a) with Q = b + b~^ and 

. ,2.5) 

Sb[Q/2 — IX — a) 

Sb{x) is the so-called double Sine-function which is closely related to the functions called quan- 
tum dilogarithm in IIFK2II hyperbolic gamma function in URuH . and quantum exponential func- 
tion in HWoL Definition and relevant properties are recalled in Appendix lAl 
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One should note, however, that our definition of the 3j coefficients (12.41) is not canonical, we 
might equally well use ( ^| | xlYb 

iziZTX ■■= ^(«3,«2,«i)(:i is:;)r- (2.6) 

This will satisfy (12.21) for arbitrary functions M{a3, a2, ai). A natural choice for M(a3, a2, ai) 
can be determined by requiring the Weyl-invariance of the Clebsch-Gordan maps. In order to 
formulate this requirement, we will need the intertwining operator Ra '■ Va 'Pq-o which can 
be represented explicitly as integral operator [IPT2II 

{RJ){x) := Sk{2a) [ dx' D.^x - x')f{x) . (2.7) 
Jr 

We may now require that 



(2.8) 



r"3 (D ^ n _ "'^ ' "2,^1 - '^a2,ai • 

We claim that (|2.8I) is satisfied if we choose choose M(a;3, 0:2, ai) as 

M(a3,a2,ai)= (2.9) 
= (S'b(2(5 — ai — 0:2 — a;3)5'b((5 — ai — 02 + a3)'S'fe(a;i + 0:3 — a2)Sb{a2 + as — ai)) ^ • 



To prove this claim let us consider, for example, the first of the equations in (12.81) . which 
would follow from the identity 

Sbi2a^) [ dx[ {:!\:rS^D^,M-xi) = UTjTJi)l\ (2.10) 

Jr 

where we use abbreviation a = Q — a and = Sb{a2 + 0:3 — ai)Sb{2Q — ai — 02 — as). This 
identity can easily be rewritten in the form PBTli Equation (A. 34)] in which it is recognized as 
the famous star-triangle relation, see e.g. flBMSli Proofs can be found in nK2[rVl . It can also 
be derived easily from the so-called elliptic beta-integral HSOIB following the strategy discussed 
in Appendix IB 

We will denote the Clebsch-Gordan coefficients defined by (12.61) with function M{a3, a2, ai) 
given in (EH) as We would like to stress that both ( ^1)^" and {T,\T,'^l)b 

both have their virtues. While ( "| | "2 xl)^ more natural symmetry properties, the virtue of 
( "I I X2 xl)b^^ have particularly nice analytic properties in all of its variables. 



2.3 Normalized b-6j symbols for the modular double 
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The composition of Clebsch-Gordan maps allows us to define two natural families of projection 
operators 

rQ,a.,«,K)^)M = / dx,dx2dx3Si']{A\X)^{x3,X2,X,), (2.11) 

(*Q,«2,ai (2^4) = / dXidX2dX3£SiA\X)^P{x3,X2,Xi), (2.12) 

with integral kernels £LI\a\X) and £L']iA\X) given as 

^a] = J dXs {2t\ X3 Xs)b{ xl I "2 "1 ) b ' (2-13) 

= I dx, IS-),. (2.14) 

The b-6j symbols { "3 "4 I al}^ ^^^^ defined by the relations 

i:SiA\Z)= [ d^iia,){ZZr.:},£Si^\Z), (2.15) 

-'Q/2+iIR 

where the Plancherel measure dji{a) is explicitly given by the expression 

dfi{a) = da M{a) , M{a) := \Sb{2a)\'^ . (2.16) 

It is clear that the explicit expression for the h-6j symbols depends on the normalization chosen 

for the Clebsch-Gordan maps. We will denote the 6j symbols corresponding to ( "| | 
and I S xiOi by {ZZ\ Sir and Slfe' respectively. 
The h-Qj symbols { | j^'^ were calculated in [|PT2]R 

r ai «2 I a. ] an _ Sb{a2 + " ai)'5'fc(at + ^1 - ^4) ,2 17^ 

t UJfe 5^^^^ + _ a,)Sb{as + as - "4) 



X 



y citi Sb{-a2 ± («! - (5/2) + u)Sb{-a4 ± (03 - Q/2) + -u) 
X 5b(a2 + a4 ± (at - Q/2) - u)Sb{Q ± (a. - Q/2) - u) 



The following notation has been used Sb{a±u) := Sb{a + u)Sb{a — m). The integral in (12.171) 
will be defined for E Q/2 + iM by using a contour C that approaches Q + iM near infinity, 
and passes the real axis in (Q/2, Q), and for other values of ak by analytic continuation. 

The b-6j symbols corresponding to the normalization defined above are then given by the 
formula 

\a3a4\atib~ M{at,a3,a2)M(a4,at,ai) \ 013 04 \ at } b ' \ ■ 

with M(a3, ^2, ai) being defined in (12.91) . 

'The formula below coincides with equation (228) in OTP 11 after shifting s — > s — — (3/2. We have moved 
a factor |S'h(2Q!t)p into the measure of integration in (12.15b . 



2.4 3j symbols for the modular double 

3j coefficients describe invariants in tensor products of three representations. Such invariants 
may be constructed from the Clebsch-Gordon maps and the invariant bilinear form B : Va® 
VQ-a C defined by [|PT2]| 

B{f,g):= [ dx f{x)g{x-iQ/2). (2.19) 
Jr 

We may thereby construct an invariant trilinear form €03,02,01 ■ ® ® 'Pai — > C as 

Ca„a2,aAh, /s, /l) := B{ f, , C^.T^f " /2 ® /l ) • (2.20) 

The form €0^,02,01 can be represented as 

C„3,„2,ai(/3,/2,/l) = / dX3dX2dXi{"l2lxl)hix3)f2{x2)fl{Xl) (2.21) 

with 3j-symbols ( °| q^i^ given in terms of the Clebsch-Gordan coefficients ( °| | '^l) 

/ as a2 ai\ _ / Q—013 1 02 cti\ oo\ 
V X3 X2 XI ) ~ \ X3-iQ/2 \ X2 XI ) ■ 



We may similarly define 



^Q,„3,a2,a.(/4, /3, /s, /l) := B[ f, , ^C«;°V,(«.) " /s ® /2 ® /l ) 
*Q,a3,«.,«l(/4' /3, /2, /l) := ^( /4 , *C£„"2Vl(«*) ■ /3 ® /2 ® /l ) 



(2.23) 



The b-6 j symbols { j are then defined by the relation 

srias _ / diifry ) / "1 "2 os ]. t/^«t 

04, 03, 02, «i / ^h^y^t) \ 03 04 Q.J Jjj '-'«4,a3,«2,ai ■ V-^--^^/ 

It follows that 

{ZZZ],= {ZZ\Z],^ a4:=g-«4. (2.25) 
The b-6j symbols satisfy the following identities nPTlll 



/ dll(fi / "1 ^1 1 r ai 5i /32 1 r 02 as <5i "1 _ f /3i 03 /32 1 f ai "2 ;Si 1 

jQ/2+m+ 

M^s) { Z Z Z i: { Z Z Z }. = (M(a,))-^5(a, - a[) . 



Q/2+iIE 



The explicit expression will again depend on the chosen normalization of the Clebsch-Gordan 
maps, giving us two versions, { "J }^ and { '^l '^l respectively. 
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2.5 A new integral formula for the b-6j symbols 

One of our main results will be the following formula for the b-6j symbols: 

{ "3 al}b = ^(«'" "2, ai) A(a4, as, a^) A(ai, as, a2) A(a4, a*, ai) (2.27) 
X J du Sb{u - ai2s)Sb{u - as3i)Sb{u - a2zt)Sb{u - ai^) 

X 5'b(ai2S4 - u)Sb{asm - u)Sb{ast24 - u)Sb{2Q - u) . 



c 



The expression involves the following ingredients: 

• We have used the notations aijk = a^ + aj + a^, aijki = a^ + a^ + a^ + a;. 

• A(a3, a2, ai) is defined as 

Sb{ai + a2 + Us - Q) 



A(as,a2,ai' 



Sb{ai + a2 - as)5';,(ai + a^ - a2)S';,(a2 + a^ - ai] 



• The integral is defined in the cases that a^ G (5/2 + iR by a contour C which approaches 
2Q + iM near infinity, and passes the real axis in the interval {3Q/2, 2Q). For other values 
of the variables a^ it is defined by analytic continuation. 

The reader may notice how closely the structure of the expression in (|2.27l) resembles the well- 
known formulae for the classical 6j symbols. 

For establishing this relation, the main step is contained in the following integral identity: 

{ZZ\ sir = I ^« Sb{u - a^2s)Sb{u - a,,,,)Sb{u - a23t)Sb{u - au^) (2.28) 
Jc 

x5'fe(ai2S4 - u)Sb{asm - u)Sb{ast24 - u)Sb{2Q - u), 

where the contour C in (12.281) runs between 2Q — ioo and 2Q + ioo, and a is shorthand notation 
for the tuple (ai, a2, as, a4, a<j, at). The prefactor C{a) is explicitly given by the expression 

C(a) = Sb{—Q + ai + a4 + at)Sb{Q — ai — a2 + as) 

X Sb{-Q + a2 + as + at)Sb{Q - a2 + as - at)Sb{Q + a2 - as - aJ (2.29) 
X Sb{Q - as + a4 - as)Sb{Q - as - a4 + as)Sb{Q + as - a4 - a^). 



The proof of identity (12.281) is nontrivial. It is described in Appendix |Bj based on recent ad- 
vances in the theory of elliptic generalizations of the hypergeometric functions [|S01[|S03llS08L 



3. Relations to three-dimensional hyperbolic geometry 
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Our goal in this section is to demonstrate by direct calculation that the b-6j symbols reproduce 
the volume of non-ideal tetrahedra in the classical limit. A second, perhaps more conceptual 
proof of this fact will be outlined in section [5] below. 

Similar observations concerning relations between the semiclassical behavior of the noncom- 
pact quantum dilogarithm and hyperbolic volumes have previously been made in [|Hil[|Hi2llHi3[ 
IBMSli |BMS2[ IDGLZilAKl . It would be interesting to understand the precise relations to our 
result below. 



3.1 Volumes of non- ideal tetrahedra 

We are considering non-ideal tetrahedra which are completely defined by the collection of six 
dihedral angles r]i, . . . ,r]Q. In order to formulate the formula for their volumes from HMYL let 
us use the notation = e'^* , and define 

U{U,A) =Li2(M) + Li2(A,tl3M) + U2iAst24u) + U2{Ai23iU) (3.1) 
- U2{-Ai2sU) - U2{-As34U) - U2{-A4tiu) - U2{-A32tU) , 

where A^-fc := AiAjAk, A^m := AiAjAkA, along with 

A{A) = log AsAt + log A2A4 + log A1A3 (3.2) 
+ A{As, A, A2) + A{As, A3, A3) + A(A, Ai, A4) + A(At, A2, A3) , 

where 

A(Ai,A2,A3) = -^(Li2(-AiA2Aji) + Li2(-AiA2-M3) + Li2(-ArM2A3) 

+ Li2(-A^M2 ^^3 ^) + log^ ^1 + log^ ^2 + log^ A3) . 
The following formula was found in HMYl Theorem 2] 

Vol(A) = ^lm[U{u+,A) + A{A)] = Im[f/(n_, A) + A(A)] , (3.3) 

where u± are the two roots of the equation 

dU{u,A) ^ _27ri_ 
du u 

It can be shown PMYH that equation (I3.4|) is a quadratic equation which has two solutions u± 
which are pure phase, \u±\ = 1. 
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3.2 Semiclassical limit 

In the following we will assume that G M, < < Qjl. In order to study the quasi- 
classical limit of (12.271) let us write the right hand side of (12.271) in the form 

I := E{a) J dul{a,b;u). (3.5) 

The integrand X(a, b; u) may be written as 

Sb{-Q + u) UliSb{Q-k + u) 

where 



I{a,b;u) = — — ^ \ T-r3 — T^""' (3-6) 



a = [Oi, 02, as, 04] = [—Qs — Ql — Ci2, —Cis ~ (^3 ~ <^4, ~Cit — Ql — ^4, — ttf — ^2 ~ C^s], 

6= [61,62,^3] = [as + a* + ai + as, + at + ^2 + ^4, ai + ^2 + as + a4]- (3.7) 

The quasi-classical limit of X(a, b; u) is easily determined with the help of formula (IA.17I) in 
Appendix |Al In order to write the result in an convenient form let us reparameterize variables 

g-2.i6a,+.:^^^^ A;e{l,2,3,4,s,t}. 

Introducing the integration variables v := 2nb(u — Q/2) we get an integral of the form 

I = D{a)[ ^J{a,b;v) (3.8) 
Jc-Q/2 27r6 

whose integrand ^{a, b; v) has quasi-classical asymptotics 

Jia,b;v) = exp (^-1^ [/(e™, A)^ (l + , (3-9) 

with U{d'",A) given by the formula (13.11) . The quasiclassical asymptotics of the prefactor in 
(13:8]) is 

where A (A) was defined in (13.21) above. 

Now we are ready to perform the saddle-point approximation for the integral (13.51) . The 
saddle points are the solutions of the equation (13.41) . The values of the b-6j at these points are 

exp (^-^WiiA)^ , where W±{A) = Uiz±,A) + A{A) - ^vr^ + 27rilogM±. 
Since u± = e^'^^^, G M as noted above, we find that 

W±{A) = U{z±,A) + A{A) - ^tt' t 2n'<p. (3.11) 

Taking the imaginary part of (13.1 II) one sees that we are getting the volume of a hyperbolic 
tetrahedron (13.31) . 
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4. Relation to Liouville theory and the representation theory of Diff(S^) 

In this section we want to explain that the normalization leading to the definition of the b-6j 
symbols is also very natural from the point of view of Liouville theory. This is closely related to 
the interpretation of b-6j symbols as 6j symbols for the the infinite-dimensional group Diff(S^). 



4.1 Fusion kernel 



Recall that the fusion kernel is usually defined in terms of the conformal blocks appearing in 
the holomorphically factorized form of the four-point functions, 

( Va^ {Z4 , ^4) (23 , ^3 ) (^2 , ^2 ) (2:1 , ^1 ) ) = 

= / dasC{a4,as,as)C{Q-as,a2,ai)J^il\A\Z)Til\A\Z) (4.1) 

JQ/2+iR 

= / dat C{a4,at,a,)C{Q - at,a3,a2)J'i'^{A\Z)Ti'}{A\Z) (4.2) 

jQ/2+iR 

where A = (ai, 02, 0:3, a^), Z = {zi, Z2, Z3, za), and 

C(ai,a2,a3) = (7r/i7(62)6'-'''')i('3-"i-"2-a3) ^ (4.3) 
^ ToT(2ai)T(2a2)T(2a3) 

T(«i + ^2 + ^3 — + «3 — a2)T{ai + ^2 — «3)T''(«2 + tt3 — «l) ' 

here /x is the so-called cosmological constant in Liouville field theory and 7(0:) = r(x)/r(l — 
x). We also used T(x) = {Yi,{x)T}j{Q — x))^"^, Tq = ^^^^[^.^o where the function T}j{x) is the 
Barnes double Gamma function. Appendix A lists the definition and the relevant properties of 



The first expression (14.11) for the four-point functions represents the operator product expan- 
sion of the fields ^12(2:2, ^2) and Va^{zi^ zi), while the second expression (|4.2I) represents the 
operator product expansion of the fields ^4,3(2:3, ^3) and Vq,2(z2, ^2)- The equality of the two 
expressions (14.11) and (|4.2I) follows from the validity of the relations 

:fS{A\Z)= [ Jl*)(A|Z), (4.4) 

jQ/2+iR 

which were established in flTOlll . The following formula was found in UPTlilTOlll . 

<^s^t «i J ^^^^^ «2)iV(«4, at, «i) t "3 «4 Ipt ' ^ 

where 

A^(a3,a2,ai) = (4.6) 

r,(2g - 2a;)T,{2a2)T,{2ai) 

Ti,{2Q - «! - 02 - OL^)^b{Q - ai - 0:2 + a'i)Vi,{ai + 0:3 - a2)Th{a2 + «3 - "i) ' 
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4.2 Unitary normalization 

The expressions (|4.1I) and (14.21) strongly suggest to redefine the conformal blocks by absorbing 
the three-point functions C^a^, ^2, ai) into the definition, 

gSiA\Z) := {Cia,,as,as)CiQ ~ as,a2,a,)y^Tt:\A\Z) , ^^^^ 
gS{A\Z) := {C{a,,at,a,)C{Q - at,as,a2))hi'^{A\Z) . 

This corresponds to normalizing the conformal blocks associated to the three-punctured sphere 
in such a way that their scalar product is always unity. This normalization may be called the 
unitary normalization. We then have 

das gS{A\Z)gi^}{A\Z) = I da, G^^]{A\Z)g^^]{A\Z) , 

■iR -'f+iM 

the second equation being a consequence of the unitarity of the change of basis 

gSiA\Z)= [ da,G^,^^,[ZZ]SSiA\Z). (4.9) 

jQ/2+iR 

The normalized fusion coefficients Ga^at [alal] related to the Fa^at [alal] 



/~i r as "2 1 _ / C(a4„az,as)C{Q-as,a2,a\) rp f as 02 1 (A\(\\ 
'^a^atlaA a-i \ y C(a4,at,ai)C(Q-at,as,a2) L a4 ai J • V^-^'-') 

The fusion coefficients Ga^at [ 04 "i ] have a simple expression in terms of the b-6j symbols, 



n ra3a2l _ M{at)_ ( a-i a2 as\ (A^W 
^-^a^at L 04 ai J Y M(as) 1 "3 a4 at / ft • y^-^^) 

Indeed, formula (|4.1 II) is a straightforward consequence of equations (14.101) . (14.51) and (12.181) 
above. 



4.3 6j symbols of Diff(5i) 

It is known that Liouville theory is deeply related to the representation theory of the group 
Diff(S'^) of diffeomorphisms of the unit circle [IT08II . The operator product expansion from 
conformal field theory leads to the definition of a suitable generalization of the tensor product 
operation for representations of infinite-dimensional groups like Diff (S*^). One may therefore 
interpret the chiral vertex-operators from conformal field theory as analogs of the Clebsch- 
Gordan maps, and the fusion coefficients as analog of 6j-symbols IIMS[|T011IT08II . 

A similar issue arises here as pointed out above in our discussion of the modular double: To 
find particularly natural normalization conditions. The normalization defined in (14.71) above. 



12 



while being natural from the physical point of view, is not a direct counterpart of the normal- 
ization condition used to define the 6j symbols of the modular double above. Such a normal- 
ization condition can naturally be defined by requiring invariance under the Weyl-refiections 
ai ^ Q — ai. Due to the factors T(2aj) in the definition of C{a3, 0:2, ai), the symmetry under 
cui Q — ai is spoiled by the change of normalization (14.71) . 

However, it is easy to restore this symmetry by replacing the normalization factor 
C(«3, ^2, tti) entering the definition (14.71) by 

^ \Thi2a,)Tti2a2)Tbi2a,)\-^ ^^ 
= T(2aOT(2a2)T(2a3) " 

Replacing C by D in (14.71) leads to the definition of normalized conformal blocks ICa]{A\Z) 
and IC^a]iA\Z) which can be interpreted as analogs of invariants in tensor products of four 
representations of Diff (5^). The kernel appearing in the relation 

4^(^l^)= / da, IC<^liA\Z) . (4.12) 

^Q/2+iR ^ ' 

is naturally interpreted as an analog of the 6j symbols for Diff(S'^). It coincides exactly with 
the b-6j symbols, 

1 as 04 at /Difr(Si) I as a4 at if,- \^-^->J 

as can easily be checked by straightforward calculations. 



5. Application to two-dimensional quantum hyperbolic geometry 

It is known that the Racah-Wigner symbols of the modular double play an important role when 
the quantum Teichmiiller theory llFo97l IKa98l ICF99II is studied in the length representation 
IIT031IT051 . Having fixed a particular normalization in our definition of the b-6j symbols above 
naturally leads to question what it corresponds to in this context. We are going to show that the 
definition of the b-6j symbols corresponds to the quantization of a particular choice of Darboux- 
coordinates for the classical Teichmiiller spaces. The Teichmiiller spaces T(C) are well-known 
to be related to a connected component in the moduli space of fiat (2, M) -connections on 
Riemann surfaces. Natural Darboux coordinates for this space have recently been discussed in 
[|NRS| . 

The quantization of the Teichmiiller spaces will be discussed in terms of the Darboux coor- 
dinates of UNRSH in a self-contained manner in UTeVaH . In the following we will collect some 
relevant observations that can fairly easily be extracted from the existing literature. 
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5.1 Classical TeichmuUer theory of the four-holed sphere 

To be specific, let us restrict attention to four-holed spheres Co,4. The holes are assumed to be 
represented by geodesies with lengths L = (/i, . . . , Z4). There are three simple closed curves 
7s, 7j, and 7^ encircling pairs of points (^1,2:2), (-22,-23) and (^1,^3), respectively. A set of 
useful coordinate functions are defined in terms of the hyperbolic cosines L„ = 2 cosh 
cr e {s, t, u}, of the geodesic length functions la- on 7o,4 = T(Co,4). la is defined as the length 
of the geodesic 7^, defined by means of the constant negative curvature metric on Co,4. 

The well-known relations between Teichmiiller spaces T(C) and the moduli spaces AiciC) 
of fiat G = SL{2, M) -connections on Riemann surfaces imply that the geodesic length functions 
La are related to the holonomies ga along 7^^ as La = —Tr^ga). This allows us to use the 
description given in UNRSI . which may be briefly summarized as follows. The structure of 
-^g(Co,4) as an algebraic variety is expressed by the fact that the three coordinate functions 
Ls, Lt and Lu satisfy one algebraic relation of the form Vl{Ls, Lt, Lt) = 0. The Poisson 
bracket {La^ , La2 } defined by the Weil-Peters son symplectic form is also algebraic in the length 
variables La, and can be written elegantly in the form 

{L,,LJ = ^VL{Ls,Lt,Lt). (5.1) 

As shown in [NRSJ one may represent Ls, Lt and L„ in terms of Darboux-coordinates Is and ks 
which have Poisson bracket {Is, ks} = 2. The expressions for Lg and Lt are, in particular, 

Ls = 2cosh(/,/2) , (5.2) 
Lt{Ll-A) = 2(^2^3 + L1L4) + LsiLiLs + L2L4) + 2 cosh(A;,) v/ci2(i:.)c34(i:.) , 

where Lj = 2 cosh |-, and Cij{Ls) is defined as 

Ci,{Ls) = Ll + Li + L] + LsL.Lj - 4 (5.3) 
= 2 cosh kt|±^2 cosh i£±k±2 cosh hzl^2 cosh iiz^di. 

Together with a similar formula for L„, these expressions ensure that both the algebraic relation 
Vl{Ls, Lt, Lt) = and the Poisson structure (|5.1I) are satisfied. These Darboux coordinates are 
identical to the Fenchel-Nielsen length-twist coordinates well-known in hyperbolic geometry^ 

Similar Darboux coordinates {It, kt) and {lu, ky) can be associated to the curves 'jt and 7^, 
respectively. The change of coordinates between the Darboux-coordinates {Is, ks) and {It, kt) is 
represented by a generating function S^{ls, k) such that 

^Sl\ls,lt) = -ks, gffL\h,k) = kt. (5.4) 



-This can be inferred from II ALPS I . We thank T. Dimofte for pointing this reference out to us 
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Other natural sets of Darboux-coordinates k'^) can be obtained by means of canonical 
transformations k'^ = k„ + f{la)- By a suitable choice of /(cr), one gets Darboux coordinates 
{Is, k'g) in which the expression for Lt in (|5.2I) is replaced by 

U{Ll - 4) = 2(^2^3 + L1L4) + L,(LiL3 + L2L4) (5.5) 
+ 2 cosh kikizk 2 cosh 1^+1^2 cosh '-+'|~'" 2 cosh kikda g+fc^ 
+ 2 cosh cosh kzkida 2 cosh k+k+k2 cosh e"''^ . 

The Darboux coordinates (/s, A;^) are equally good to represent the Poisson structure of 
A4g(Co,4), but they have the advantage that the expressions for do not contain square-roots. 
This will later turn out to be important. 

5.2 The quantization problem 

The quantum Teichmiiller theory [|Fo97[ |Ka98[ |CF99[ ICFOOH constructs a non-commutative 
algebra Ab deforming the Poisson-algebra of geodesic length functions on Teichmiiller space. 
In the so-called length representation IIT031 IT05II one may construct natural representations of 
this algebra associated to pants decompositions of the Riemann surface under consideration. 

For the case under consideration, the aim is to construct a one-parameter family of non- 
commutative deformations Ab of the Poisson-algebra of functions on 7o,4 = T(Co,4) which has 
generators Cg, Ct, Cu corresponding to the functions L^, a E {s,t,u}, respectively. There is 
one algebraic relation that should be satisfied among the three generators Cg, Ct, Cu- 

Natural representations n^, a E {s, t, u}, of At by operators on suitable spaces of functions 
il)a{lo) can be constructed in terms of the quantum counterparts of the Darboux variables l^, k„, 
now represented by the operators k^r defined as 

1 d 

:= la'lpail.) , K'^^aila) ■= 4716^ - (/^) . (5.6) 

The operator n^(Ca) acts as operator of multiplication in the representation tTct, na-{Ca-) = 
2 cosh(lo-)/2. The remaining two generators of Ab are then represented as difference operators. 
Considering the representation tTj,, for example, we will find that TCs{Ct) can be represented in 
the form 

7rs{Ct)Mh) = [/^+(/s)e+'= + DoiQ + D-(/.)e-^=] V^,(/,) . (5.7) 

This formula should of course reproduce (|5.2I) or (15.51) in the classical limit, but due to ordering 
issues and other possible quantum corrections it is a priori far from obvious how to define the 
coefficients D^{ls), e = —,0, +. 
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Note, in particular, that the requirement that ns{Cs) acts as multiplication operator leaves a 
large freedom. A gauge transformation 

Ms) = e^^('»V:(^s), (5.8) 

would lead to a representation ir'^ of the form (15.71) with replaced by 

k;:= k, + 47ib'diMQ. (5.9) 

This is nothing but the quantum version of a canonical transformation (/^ ,ks) — )■ {h, ks + f{ls))- 
The representation Tr'g{Ct) may then be obtained from (15.71) by replacing D^{ls) — )■ E^{ls) with 
E,{ls) equal to e'(^('=~^'^''^')-^('=))D,(/,) for e = -1,0, 1. Fixing a particular set of Darboux 
coordinates corresponds to fixing a particular choice of the coefficients D^{ls) in (15.71) . 



5.3 Transitions between representation 

The transition between any pair of representations and can be represented as an integral 
transformation of the form 

^1.,) = y"rf/., ^.,(/. J. (5.10) 

The relations 

(7r.(ki)^.)(/.) = 47r62 ! dk Ai{h,k)-^Mt) , 

* (5.11) 
A'Kh''-^^i;s{ls) = j dlt AiihJt) {M\^s)^Pt){lt) , 

describing the quantum change of Darboux coordinates are direct consequences. 

It is important to note that the problem to find the proper quantum representation of the 
generators 7ia-{Ca-') is essentially equivalent to the problem to find the kernels y4^^'^^(/cri, /era) 
(15.101) . Indeed, the requirement that n^(Ca-) = 2 cosh(lo-)/2 implies difference equations for the 
kernel A"j^'^'^{l„^,l„^) such as 

7,„,{C,,) ■ A2''\K,X,) = 2coM„j2)Ar\K,X.)- (5.12) 

The difference operator on the left is of course understood to act on the variable l^^ only. Under 
certain natural conditions one may show that the difference equations (15.121) determine the 
kernels A1^'^'{l^^,l„^) uniquely. Conversely, knowing /^.J, one may show nTeVaH 

that it satisfies relations of the form (15.121) . and thereby deduce the explicit form of 7i^-^ {^(72)- 

Considering the generalization to Riemann spheres Co,n with more than four holes it is natural 
to demand that the full theory can be built in a uniform manner from the local pieces associated 
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to the four-holed spheres that appear in a pants decomposition of Co,n. This leads to severe 
restrictions on the kernels (/s, k) known as the pentagon- and hexagon equations IIT05II . We 
claim that the resulting constraints determine h) essentially uniquely up to changes of 

the normalization associated to pairs of pants. 

Solutions of these conditions are clearly given by the b-6j-symbols. It is important to note, 
however, that a change of normalization of the form (12.181) will be equivalent to a gauge trans- 
formation (15.81) . This means that different normalizations of the b-6j symbols are in one-to-one 
correspondence with choices of Darboux-coordinates (/^, k'^) obtained from (l^, k^-) by canon- 
ical transformations of the form = /g., k'^ = k^ + f{la). Only a very particular normalization 
for the b-6j symbols can correspond to the quantization of the Fenchel-Nielsen coordinates. 



5.4 Quantization of Fenchel-Nielsen coordinates 

The main observation we want to make here may be summarized in the following two state- 
ments: 

1 ) The geodesic length operators can be represented in terms of the quantized Fenchel-Nielsen 
coordinates as follows: 

7rr(£,) =2cosh(l,/2), (5.13a) 

= o( 11^ -— (2cos7r62(L2L3 + L,U) + U(LiL3 + L^U)) 

2 (cosh Is — cos 2770^) V / 

+ 1 ^+k,/2 Vci2(U)c34(U) ^+k,/2 1 ^3^^^ 

v/2sinh(l,/2) 2sinh(l,/2) ^2sinh(l,/2) 

a/ci2(U)c34(U 



^ g~k,/2 V^12l'-s;^34l'-s; ^_k^/2 



^2 sinh(l,/2) 2sinh(l,/2) ^2sinh(l,/2) 

where = 2 cosh (1^/2) = 7rs(£s) and Cij{Ls) was defined in ([5.3\) . The formulae defining the 
other representations TCt and tXu cire obtained by simple permutations of indices. 

2) The kernel describing the transition between representation -Kg and nt is given in terms of the 
b-6j symbols as 

^t{i.it) = sJ^.iZZZ), if ''^ = ^ + '^r (5.14) 

for i = 1,2,3, A, s,t. The formulae for other pairs of representations are again found by per- 
mutations of indices. 

The relations between Liouville theory and quantum Teichmiiller theory found in nT03ll allow 
one to shortcut the forthcoming self-contained derivation flTeVall of the claims above. In IIT03II it 
was found in particular that the conformal blocks Ta]{A\Z) represent particular wave-functions 
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in some representation 7r^^°", 



MQ = J'SiAlZ) if = f + • (5.15) 

This relation fixes a specific representation 7r^'°". The generator Ct is represented in 7r^'°^^ as 
in (15.71 ) with coefficients DY°^ils) that can be extracted from Redefining 
the conformal blocks as in (14.71) is equivalent to a gauge transformation (15.81) which transforms 
the representation 7r^'°^ to the representation denoted tt^*^". It is straightforward to calculate 
the coefficients D^{ls) from Z}^'°"(/s) using (14.71 ) and (14.31 ). A related observation was recently 
made in HIOTH . The case of the one-holed torus was discussed along similar lines in HDiGul . 

Other normalizations for the b-6j symbols will correspond to different choices of Darboux- 
coordinates. In the normalization used in HDGOTH . for example, one would find 

<{Ct) = r-^ — ^ (2 COS nb\L2Ls + L^U) + U{LiL^ + ^^2^4)) 

2(cosn Is — cos ZTTO^j V / 

4 /2 cosh cosh cosh cosh ^^,^2 

^ sinh(l,/2)^ ' sinh(l,/2) ^ 

4 -W /2^^^^ \s+h+l2 cos^ \s-h-i2 ^os^ \s+h+h cQgi^ \s-h-h 
^ sinh(l,/2)^ ' sinh(l,/2) ^ 

As the analytic properties of the coefficients D^{ls) in (|5.7I) are linked with the analytic prop- 
erties of the kernels U) via (|5.12l) . it is no surprise that the kernels A'/*(/s, h) associated 
to the representation tt^ have much better analytic properties than A|f (/s, h) as given by (15.141) . 
One may see see these analytic properties as a profound consequence of the structure of the 
moduli spaces Mg{C) as algebraic varieties. 



5.5 Classical limit 



The classical counterpart of the expression (|5.13bl) is found by replacing 1^ and by commuting 
variables 1^ and fc^, respectively, and sending 6 — )■ 0. The formulae for the operators 7r^'^"(Ls) and 
7r^^"(L() given above are thereby found to be related to the formulae (15.21) for Lg and Lt in terms 
of the Darboux coordinates Is and kg for 7o,4- We conclude that the representation vr^^" is the 
representation associated to the Darboux coordinates discussed in flNRSH . The representation 
7r^ reproduces (15.51) . 

Furthermore, by analyzing the classical limit of the relations the relations (15.1 II) with the help 
of the saddle-point method one may see that the function Sf^{ls, k) which describes the leading 
semiclassical asymptotics of the kernel A|f k) via 

Atih, It) = exp (^-^Sl\l,, k)^ (1 + 0{b')) , (5.17) 

^Our generator Ct corresponds to 2 cos(7r&(5)£(72,o) in ilDGOTI . 
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must coincide with the generating function for the canonical transformation between the 
Darboux-coordinates (Ig, kg) and (k, h). As this function is known UNRSI to be equal to the 
volume of the hyperbolic tetrahedron specified by the lengths (/i, I2, 13, h, k), we have found 
a second proof of the statement that the semiclassical limit of the h-Qj symbols is given by the 
volume of such tetrahedra. 

6. Applications to supersymmetric gauge theories 
6.1 Three-dimensional gauge theories on duality walls 

Recently remarkable relations between a certain class S of J\f = 2 supersymmetric four- 
dimensional gauge theories and two-dimensional conformal field theories have been discovered 
in HAGTM . One of the simplest examples for such relations are relations between the partition 
functions of certain gauge theories on ||PeB and physical correlation functions in Liouville 
theory. The partition function of the J\f = 2 SYM theory with SU (2) gauge group and Nf = A 
hypermultiplets, for example, has a very simple expression in terms of the four-point func- 
tion (14.11) in Liouville theory. The partition function of the 5'-dual theory would be given by 
the four-point function (14.21) . and the equality between the two expressions UTOIH represents a 
highly nontrivial check of the ^-duality conjecture. 

Interesting generalizations of such relations were recently suggested in HDrGGI : one may 
consider two four-dimensional theories from class S on the upper- and lower semispheres of 
S'^, respectively, coupled to a three-dimensional theory on the defect separating the two 
semi- spheres. Choosing the two theories to be the Nf = A theory and its S-dual, for example, 
the arguments from HDrGGII suggest that the partition function of the full theory should be given 
by an expression of the form 



using the notations from SectionlU The interpretation in terms of two four-dimensional theories 
coupled by a defect suggests flDrGGB that the kernel Ga^at [alal] (16.11) can be interpreted as 
the partition function of a three-dimensional supersymmetric gauge theory on S'^ which repre- 
sents a boundary condition for both of the four-dimensional gauge theories on the semi-spheres 
of S^. 

The identification of the three-dimensional gauge theories living on the duality walls may be 
seen as part of a larger program [|TY[ IDiGul IDiGGH which aims to develop a three-dimensional 
version of the relations discovered in HAGTM . Roughly speaking, the idea is that there should 
exist a duality between certain families of three-dimensional supersymmetric gauge theories and 




(6.1) 
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Chem-Simons theories on suitable three-manifolds. A procedure was described in j PiG Gl for 
the geometric construction of relevant three-dimensional gauge theories from simple building 
blocks associated to ideal tetrahedra. 

In the simpler case where the Nf = A theory is replaced by the M = 4-supersymmetric 
gauge theory, an ansatz for the relevant three-dimensional theory was suggested by the work 
IIGWL where this theory was called T[SU (2)]. In subsequent work [|HLP[|HHL2ll it was explicit 
checked that the analog of the kernel Ga^at for this case is given by the partition function 
of the T[SU{2)] theory. A natural mass-deformation exists for the T[S't/(2)]-theory, and it 
was also shown in UHLPi IHHL2II that its partition function would essentially coincide with the 
counterpart of the kernel which would appear in the case of the so-called J\f = 2*-theory rather 
than the Nf = 4-theory. However, so far no three-dimensional gauge theory which would have 
the b-6j symbols as its partition function has been identified yet. 



6.2 Partition functions of three-dimensional supersymmetric gauge theories 

Let us briefly review the general form of the partition functions for 3d supersymmetric field 
theories. According to [|HHLl[|HHL2l . following HKWYL the partition function for 3dM = 2 
SYM theory with gauge group G and flavor symmetry group F defined on a squashed three 
sphere has the form 

/ioo rankG 
n du, J{u)Z^^\u) n ZtrU.u)- (6.2) 
j=l I 

Here fk are the chemical potentials for the flavor symmetry group F while -variables are 
associated with the Weyl weights for the Cartan subalgebra of the gauge group G. For Chem- 
Simons theories one has J{u) = e~'" ^ , where k is the level of CS-term, and for SYM 

theories one has J{u) = e^'^''^^™''^"^ , where A is the Fayet-IUiopoulos term. There are two 
different contributions to the partition function (16.21) : Z'"^^{u) which comes from vector super- 
fields and Z^"'{f, u) arising from the matter fields. All these terms are expressed in terms of 
noncompact quantum dilogarithms. The contribution of vector superfield for G = SU{2) which 
we are interested in coincides with the Plancherel measure (|2.16l) introduced above, 

= M{Q/2 + iu) , (6.3) 

as follows from [|HHL2[ Equation (5.33)] using (IA.15I) and (IA.16I) . For each chiral superfield 
$/ the contribution to the partition function is Sb{a) where a is some linear combination of 
the i?-charge and mass parameters which can be derived from the group representation of the 
matter content (see, for example, HDSVII ). 
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6.3 The b-6j symbols as a partition function 



Although expression (12.281) for b-6j symbol resembles the partition functions of 3d SYM the- 
ory with f/(l) gauge group, it cannot easily be interpreted as partition function for some three- 
dimensional gauge theory since the parameters entering its expression are subject to the con- 
dition that their sum equals 2Q, while the parameters entering partitions functions are not re- 
stricted. 



In the course of the derivation of the new formula (|2.28l) for the b-6j symbols, as described in 
Appendix IB. 2[ we have found a few other integral representations for these objects, including 



All 



-at~ai— Q4 I ^ 3Q—at—ai—a4 



+ a2 



-ai+a4+at 



a2 



Q+ai-a4+at _ ^ 

2 3 
—Q+ai—aj+at 
2 



+ "3 



(6.4) 



where we define the integral I{fi) as 



Sh(±2u) 



du 



f^l 1^2 /^S 

/^s /^e 



(6.5) 



and the prefactor in (|6.4I) is explicitly given as 



^ _ Sb{a2 + — at)Sb{ai — a2 + as)Sbi—Q + Oil + + at) 
^ Sb{±{Q - 2at))Sb{a2 + at - a3)Sb{as + at - a2)Sb{az - 04 + 



We would like to point out that this expression, as opposed to (12.281 ), admits an interpretation 
as a partition function of the form (16.21) for a certain three-dimensional SYM theory. Namely, 
the expression (16.41) without coefficient Ai can be interpreted as the partition function of three- 
dimensional J\f = 2 SYM theory defined on a squashed three-sphere with SU (2) gauge group 
and 6 quarks in the fundamental representation of the gauge group. The flavor symmetry group 
is SU{6) X U{1)a X U{l)n. The total axial mass is tjia = | while the masses of 6 

chiral multiplets then is = /ij — | ^^=1 /Xfc, ^ = 1, . . . , 6 (constrained to Yl^=i = 0)- 
We also take the i?-charge in UV to be 0. Considering (|6.4I) as the partition function for 3d 
M = 2 SYM theory one obtains a whole series of Seiberg dualities which can be derived from 
HDSVI by taking = 1 there. Keeping in mind the coefficient Ai in (|6.4I) one sees that the 
corresponding theory has 8 more singlet chiral fields and the flavor symmetry group is broken 
tof/(l)^xf/(l)^xf/(l)R. 

We would also like to remark that the identification of the b-6j symbols as partition functions 
works straightforwardly only for the b-6j symbol { ^4 I }^°- The square-roots appearing in 
the expression for { ^3 I seem to prevent a similar interpretation. 
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6.4 Applications to the geometric construction of three-dimensional gauge theories? 

It is interesting to observe that the example of (mass -deformed) T[SU{2)] considered explicitly 
in [|HLP[|HHL2L after applications of the same type of identities, can be brought to 3dJ\f = 2 
CS theory with SU{2) gauge group at level 1, 4 quarks and some singlet chiral fields. The above 
statement can be derived from the following integral identity HSVllll 

' S,{Q/A-^, + m/2±z) 

^S,{3Q/4-f,~m/2±zf ^''•''^ 

= ie2-i(«^-(?+f )^+'^^)5,(g/2 - m ± 20 T Hti ^^(f + f ± ^ ± ^ ± _ 
2 i-ioo Sb{±2y) 

These two observations suggest that there may be an analog of the geometric construction of 
three-dimensional supersymmetric gauge theories discussed in nPiGGil which is based on build- 
ing blocks with SU{2) gauge symmetry rather than U{1) gauge symmetry. Indeed, the two 
three-dimensional partition functions discussed above can be identified with the kernels for the 
fusion move A and for the modular transformation of the one-punctured torus S, respectively. 
Together with the braiding, the two kernels above generate a representation of the modular 



groupoid [T081 . This is what one needs to apply standard methods for the combinatorial quan- 
tization of Chern-Simons theories to the case of S'L(2, ]R)-Chern-Simons theory. It is also 
suggestive to point out that the number of quarks of the theory whose partition function gives 
(|6.4I) nicely matches with the number of angles defining the generic hyperbolic tetrahedron. 

We take these observations above as a hint that three-dimensional J\f = 2 SYM theory with 
SU (2) gauge group and 6 quarks plus some number of singlets could be associated to the non- 
ideal hyperbolic tetrahedron in a future generalization of the constructions in n PiGGII . where 
the triangulations of three-manifold by ideal tetrahedra are replaced by triangulations by non- 
ideal tetrahedra. This raises several interesting questions which should be clarified, including, 
in particular, the interpretation of normalization changes for b-6 j symbols (12.181) from the point 
of view of supersymmetric gauge theories. 

Acknowledgements We would like to thank T. Dimofte, S. Gukov, R. Kashaev and S. 
Shatashvili for useful discussions on related topics. 
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A. Special functions 
A.l The function Tb{x) 

The function Tf,{x) is a close relative of the double Gamma function studied in [iBrl . It can be 
defined by means of the integral representation 

oo 


Important properties of Th{x) are 

functional equation Tb{x + b) = V27ib'"'~^T-^{bx)T{x). (A.2) 
analyticity Th{x) is meromorphic, 

poles: X = —nb — mb~^,n, m G (A. 3) 

A useful reference for further properties is [ [Sp| . 



A.2 Double Sine function 

The special functions used in this note are all build from the so-called double Sine-function. 
This function is closely related to the special function here denoted eb{x), which was introduced 
under the name of quantum dilogarithm in nFK2L These special functions are simply related 
to the Barnes double Gamma function [iBrll . and were also introduced in studies of quantum 
groups and integrable models in llF2llRuir^^ rVll. 

In the strip |Im(a;)| < function ei,{x) has the following integral representation 

{[ dt Q-2itx 1 
R+iO ' ^ 

where the integration contour goes around the pole t = in the upper half-plane. The function 
Sb{x) is then related to eiy{x) as follows 

Sb{x) = e^^'+t('''+''"')e,(x) . (A.5) 

The analytic continuation of Sb{x) to the entire complex plane is a meromorphic function with 
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the following properties 



functional equation — = 2 cosh(7r6 x) , (A.6) 

Sb{x - 

reflection property si,{x) si,{—x) = 1 , (A.7) 



complex conjugation Sb{x) = si,{—x) , (A.8) 
zeros/poles = ^ ±x e {i^+nb+mb~^]n,m G Z-°} , (A.9) 

residue Res Sh(x) = — , (A. 10) 







oo, 


a; 




oo, 



asymptotics ~ ^ ^^^(..+^(,.^,-.)) _ (A-H) 

Of particular importance for us is the behavior for 6 — )• 0, which is given as 

In our paper we mainly use the special function 5*5(0;) defined by 

Sb{x) := Sb{ix - \Q) (A. 13) 

and has the properties 

self-duality Sb{x) = Sb-i{x) , (A.14) 

functional equation Sb{x + b"^^) = 2 sm{Tcb^^x) Sb{x) , (A. 15) 

reflection property Sb{x) Sb{Q — x) = 1 . (A. 16) 

The behavior of Sb{x) for 6 — > is then given as 

In terms of Tb{x) the double Sine-function is given as 

Tbix) 



Sb(x) 



TbiQ - x) 
A.3 The elliptic Gamma function 

The second class of special functions we need here is the elliptic gamma function which ap- 
peared implicitly in [|Bx| and was introduced in URul 



^ 1 _ 

i,j=0 ^ ^ 
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satisfying the following properties 

symmetry T{z;p, q) = T{z; q,p) , (A. 19) 

functional equations T{qz; p, q) = 6{z; p)T{z; p, q), (A. 20) 

T{pz;p,q) = e{z;q)T{z;p,q) , (A.21) 
pq 

reflection property T{z] p, q) T{ — ; p, g) = 1 , (A. 22) 

z 

zeros z E i,j G Z^°} , (A.23) 

poles z G {p-'q'^; i,J G Z-°} , (A.24) 

residue Res r(z; p, g) = — — . (A. 25) 

(p;p)oo(g;g)oo 

Here^^(2;;p) is a theta-function ^^(2;; p) = {z]p)oo{pz~'^]p)oo- 



B. Proof of identity dia) 



B.l The master integral identity 

Let us start from the l^-function nS03ll which is the example from Spiridonov' theory of elliptic 



hypergeometric integrals HSOli IS03rl defined by 



where IlLi = ipiY the so-called balancing condition and 

{p;p)oo{q; q)oo 



K 



with (z; g)oo = ni^o(-'^ ^ -^^*)- "'"^e main building block is the elliptic gamma function defined 
in (IA.18D above. 



Theorem 1. / IM?]/ 



^U) = JJ r(siSj;j9,g)r(si+4Sj+4;p,g)V^(t), (B.2) 

l<i<j<4 



where 

ti — i — 1)2, 3, 4, tj — s Si, i — 5,6, 7, ^, 



"^From physical point of view this integral is the so-called superconformal index for four-dimensional SQCD 
theory with SU (2) gauge group and Nf = 4 flavors. The integral transformations for V-function describe the 
multiple duality effect for the above theory IISVIOI . 
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and 

' pq /S5S6S7S8 



S1S2S3S4 V PI 

The integral identities used in this paper will be obtained from (|B.2I) by limiting procedures 
HDSII which reduce the elliptic gamma functions to double Sine functions. First, we reduce V- 
function to the level of hyperbolic g-hypergeometric integrals using the reparameterization of 
variables 

z = e^"'™, Si = e^^^'^'^S i = 1, . . . , 8, p = e^""'*', q = e^^''/\ (B.3) 

and the subsequent limit r 0. In this limit the elliptic gamma function has the following 
asymptotics 

p/g27rir2. g27rir6 g27rir/fe\ ^—ni{2z—b—l/b)/12r 

Using it in the reduction, one obtains an integral lying on the top of a list of integrals emerg- 
ing as degenerations of the l^-function (we omit some simple diverging exponential multiplier 
appearing in this limit together with — i), 

^ J -100 Jb[±^u) 

with the balancing condition Ylt=i — + ^^)- It has the following symmetry transforma- 
tion formula descending from the elliptic one 

Ihifii, . . . , fig) = Y\. Sb{^ii + ^j) W S'6(/ii + /ij)4(z/i, . . . , i/s), (B.5) 

l<i<j<4 5<j<j<8 

where Vi = + ^, z/i+4 = /ii+4 — ^, i = 1, 2, 3, 4, and the parameter ^ is 

8 4 
i=5 i=l 

Formula (IB.5I ) will be our main tool in the following. 
B.2 Useful corollaries. 

For proving the main transformation formula which allows us to get from (12.171) the expression 
(12.281) we need following corollaries. 

Corollary 1. 

6 

1=1 l<i<j<4 
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where we define the integral as 



(B.7) 



Here we have 



[1^1,1^2, 1^3, l^i, 1^5, J^g] = [Ail+^,/^2 + ^,yU3 + ^,/^4 + ^,/i5-^,/^6-^] 



and 



2e = Q-J^/i*. 

i=l 

Later it will be convenient to write 6 variables n in the following way 



A'l /^3 



Corollary!. . 



Jit!:,!^) = Yi^bifJ'i + I^4)5'b(z/i + /i4)/(p), 



2=1 



/ioo 4 
-ioo .^^^ 



(B.8) 



(B.9) 



which has U{\) gauge symmetry, and the balancing condition X]i^=i(/^i + ^i) — 2Q- Here we 
have 

[Pl,P2,P3,P4,P5,P6] = [Pl+^,P2 + ^,P3 + ^, Z^l-^, ^^2-^, Z^3-^] 

and 



2^ = Q - - p» = -Q + P4 + ^'i- 



1=1 



i=l 



Again it is useful to have the following notation 



Pi P2 P3 p4 
Z/i Z/2 Z/3 Z/4 



The inversion of Corollary |2] is the following 
Corollary 3. 



l<i<i<3 



(B.IO) 
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and the balancing condition J2t=i l^i + = 2Q. Here we have 



/^l /^S /^4 

Ui V2 1^3 Z/4 



Pi - a; p2-x p3-x Q - p^^Q - x 

P4 + X P5+X P6+X Q - P123 + X 



where pus = Pi + P2 + Pz, P456 = P4 + Ps + Pe- <^nd x is arbitrary. 



Corollary 4. . 



/(/x) = 55(2Q-^p.) n S^{pii + p,)I{Q/2-p). 

1=1 l<i<j<6 



(B.U) 



To get the desired transformation formulas one should use the following asymptotic formulas 
when some of the parameters go to infinity 



lim e^^^-2(")5fe(n) 

u—>-oo 

lim e-^^2'2(")5;,(u) 



1, for arg 6 < arg u < arg 1/6 + tt, 
1, for arg b — n < arg u < arg 1/6. 



By taking different restrictions for the parameters one can get lots of identities from the integral 
identity (|B.5|) . Let us take 

Pi -> Pi + p; P5 P5 - p 
with the following limit /i — t- 00. The left hand-side of (IB.5I) gives 

4(/i2,P3,P4,P6,P7,P8) = 2y . ^'"^^"^ gfe(±2z) ' ^ ^ ^ 

without any restrictions for parameters p2, Ps, P^i, f^e, Py, Ps and in the right hand- side one needs 
to shift the integration variable z — t- z — p/2 and afterwards taking the limit p ^ 00 which 
gives 



Y\ Sb{pi + Pj)Sbipi+4 + Pj+4) 

2<i<j<4 



(B.13) 

X / dzSbi^ + z+{pi + p5)/2)Sbiipi + P5)/2-^-z) 
4 

Y\ Sb{pi + ^ - (pi + P5)/2 - z)Sb{pi+A - ^ + (pi + P5)/2 + z)dz, 



X 



i=2 



and 2i = Q- ^J^2 /^i- 

Inverting now the equality (IB.12h = (IB.13l) one gets Corollary [3l To get Corollary [T] one takes 
the limit pj, ps 00 such that p^ — ps = 0(1) in (IB.5I) . 
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Application of (IB.2I) twice and thrice gives new integral transformations formulas for (IB.ll) 
while further application of (|B.2I) does not lead to new integral transformations. It can be shown 

/pq ^pq 



V"(si,...,S8) = W V{siSj]p,q)V { 

l<i<j<8 ^ 



■>•••■> 

Si Ss 



(B.14) 



the reduction to the hyperbolic level of which brings to Corollary |4l 

In HSVllll other reductions of ^-functions were considered in connections with the so-called 
state integral for 4i knot HHill and with the kernel of S'-move UTOSi 



B.3 Derivation of the indentity (12:281) 



Let us start from the expression (12.171) and apply Corollary [2] taking parameters as 

(5 ± (as - f ) a2 + a4 + at - - 



+ 1 

-^4 ± (^3 — ^) ^ — «! — a2 — § + — 02 



one gets 



All 



Q—at—a\—aA 
2 



+ ^2 



3Q— at— Oil— Q-i 



- a.. 



- a2 



Q+ai-a4+at 
2 

—Q+ai—a4,+at 



- "3 
+ "3 



(B.15) 



with 



Ai 



Sb{a2 + 03 — at)Sb{ai — 02 + as)Sb{—Q + ai + + at) 



Sb{±{Q - 2at))Sb{a2 + at - as)Sb{as + at - a2)Sb{a3 - 04 + a^) 

The integral in (IB. 151) is defined for ak E (5/2 + iR by using a contour C that approaches 
^ + iR near infinity, and passes the real axis in (— j, j), and for other values of 0;^ ^ ^ + 
by analytic continuation. 

Applying Corollary [U to (|B.15I) (with the order of parameters as staying in (|B.15I) ) one obtains 



A2I 



as + ^^^^f^ 



Q-as + ^^a^M 
^4 - (? + "^+"/+"' Q-ai + "'-"^2-0.3 



ai + 



(B.16) 



defined by the contour C and where 

5*6(0:2 + 0:3 — at)Sb{—ai + a2 + as)Sb{ai + a^ — at)Sb{2Q — 03 — 04 — 



A2 



Sb{±{Q - 2at))Sb{a3 - 04 + as)Sb{a3 + 04 - 
On the next step we apply Corollary |4] to (IB. 161) and get 
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with the same contour C and 

Sb{c(i — CX2 + cts)Sb{ai — 0(4 + at)Si){ai + 04 — at) 



A, 



Sb{±{Q - 2at))Sb{a2 - as + at)Sb{ai + 02 - as)Sb{2Q - ai - 04 - at) 
Sb{2Q — ai — a2 — as)Sb{—ai + 0:4 + at) 



X 



Sb{-a3 + ^4 + as)Sb{2Q - 0:2 - 03 - ctt)Sb{cti + a^- at)Sb{-a2 + 0:3 + at) 



Finally, we apply Corollary [3] for (IB.17I) with slightly permuted parameters (since the integral 
has 5*6 permutation symmetry over parameters) 

^ I -Q+a2—a3+at , — Q+a2+Q3— Qj ^ i 3Q— 02—03— 



^3/ 

together with taking 
to get (12.281) which proves the identity (12.281) in the main part of the text. 



^, I Q+a2—a3+at ^, , (3+02+03— at „, 1 Q-02-03— ot ) ' 

as H 2 — Q;i H 2 H 2 



X = _Q±^«±03±£^i _ ^4 
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